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Abstract— A robot navigates in a polygonal region populated
by a set of partially distinguishable landmarks. The robot’s
motion primitives consist of actions of the form “drive toward
a landmark of class x”. To effectively navigate, the robot
must always be able to see a landmark. Also, if the robot
sees two landmarks of the same class, its motion primitives
become ambiguous. Finally, if the robot wishes to navigate
from landmark s0 to landmark sgoal with a simple graph
search algorithm, then there must be a sequence of landmarks
[s0 , s1 , s2 , . . . , sk = sgoal ], in which landmark si is visible from
si−1 . Given these three conditions, how many landmark classes
are required for navigation in a given polygon P ? We call this
minimum number of landmark classes the connected landmark
class number, denoted χCL (P ). We study this problem for the
monotone polygons, an important family of polygons that are
frequently generated as intermediate steps in other decomposition algorithms. We demonstrate that for all odd k, there exists
a monotone polygon Mk with 34 (k2 + 2k + 1) vertices such
that χCL (P ) ≥ k. We also demonstrate that for any n-vertex
monotone polygon P , χCL (P ) ≤ n/3 + 12.

I. I NTRODUCTION
Suppose a point robot is searching for a treasure in a simply connected polygonal environment populated by a set of
partially distinguishable landmarks that the robot can detect
visually. The robot’s motion primitives are “drive toward the
red landmark”, “drive toward the green landmark”, “drive
toward the blue landmark”, etc. If the robot can see the
treasure, then the robot “wins”. What properties can a set
of partially distinguishable landmarks have that would allow
such a robot to find an arbitrarily placed treasure?
Suppose a landmark set satisfied the following three
conditions:
1) There is no point where the robot can see two landmarks of the same class at the same time (the robot’s
motion primitives are never ambiguous).
2) For each point in the environment, there exists a
landmark visible from that point (the robot is never
without bearings on which to base its primitives).
3) For any two landmarks s1 and sgoal , there is a sequence of landmarks [s1 , s2 , . . . , sk−1 , sk = sgoal ]
such that si is visible from si−1 for all i from 2 to
k.
An environment containing such a landmark set could be
easily searched for treasure. The treasure must be visible
from one of the landmarks, and the robot could use a
graph searching algorithm to travel to each landmark until

the treasure is found. The robot would not even require a
priori knowledge about the number of landmarks or their
arrangement. Due to the first condition, the landmarks are
always locally distinguishable to the robot. This provides
the robot sufficient information to use the graph searching
algorithm described in [6].
Problems about landmark sets that satisfy the second
condition are typically called art gallery problems, and there
is a great deal of prior work on the subject. Determining
the minimum number of landmarks required is NP-complete
[13]. Tight bounds on the number of landmarks required are
demonstrated in [2] and [5]. An approximation algorithm
with a log(n) approximation factor is described in [8], and
an exact algorithm with empirically fast performance is
described in [3]. Results are also available for rectilinear
polygons [10], [14], [21], monotone polygons [19], and
regions with curved boundaries [11].
The problem of determining the minimum number of
landmark classes required for a landmark set that satisifies
the first and second conditions above is called the chromatic
art gallery problem. This problem is discussed in [4], where
upper and lower bounds on the number of landmark classes
required to satisfy these constraints are determined for several families of polygons.
The third condition means that the visibility graph of the
guard set must be connected. Landmark sets that satisfy the
second and third conditions are called cooperative guard
sets. Tight bounds on the number of landmarks required for
cooperative guard set were determined in [9], and with a
different method in [22]. Tight bounds on a weaker version
of this problem, where each landmark must see at least one
other landmark, were described in [17].
What kinds of robots are capable of exploiting a landmark
set that meets the three conditions? Light gradient ascent is
one navigation method that could produce a robot capable
only of the “drive toward a landmark of class x” primitives
and nothing else (each landmark is a light source of a certain
color). Navigation via light gradients was described in [18].
Since these are sufficient conditions for a robot with the
aforementioned primitives, landmark sets with these three
restrictions could be effectively used for navigation by any
robotic system capable of performing these primitives, even
if their actuation and sensor suites allow them to perform
other primitives as well. Many robotic systems that navigate

by visual landmarks fall into this category, including the ones
used in [15], [23] and the RGBD-sensing robots of [1].
The problem of adding some set of artificial, indistinguishable landmarks to an environment for the purposes of robotic
navigation was studied in [16]. Indistinguishable landmarks
are used so that no landmark coding or identification system
is needed. The results in this paper could be applied in
a similar manner by adding some partially distinguishable
landmarks to the environment for the purposes of simplifying navigation. Instead of totally eliminating a coding or
identification system, our aim is to make such a system as
simple as possible by minimizing the number of landmark
classes.
There are two primary reasons why one would wish to
minimize the number of landmark classes that the robot
uses to navigate. First, if the robot is required to distinguish
from among fewer landmark classes, then it may be possible
to construct the robot with a less powerful (and thus, less
costly, less complex, etc.) sensor suite. Second, the use of a
small number of landmark classes may allow only the most
“different” types of landmarks to be used for navigation. For
example, a robot that navigates via red and green landmarks
is probably more robust than one that navigates via red,
green, and teal landmarks, as green and teal may be easily
confused. This is closely related to the data association
problem that frequently arises in landmark-based navigation,
discussed in [12], [20], and [24].
The contributions of this paper are non-trivial lower and
upper bounds on the number of landmark classes required
for monotone polygons. Although robotic environments are
typically not monotone, these bounds are still useful because
there exist many algorithms for decomposing polygons into
monotone pieces. We believe that if care is taken with the
monotone decomposition, the results in this paper can be
used to create a cooperative guard set for a general polygon
that requires few landmark classes.
Section II formally describes the problem. Section III
describes a√pathological family of monotone polygons that
require Ω( n) colors in an n-vertex polygon. Section IV
describes a way of placing guards in an n-vertex monotone
polygon that requires only n/3 + 12 colors. Section V
discusses the implications of this research and directions of
further research.
II. P ROBLEM S TATEMENT
Let P be a closed bounded simply connected polygonal
subset of R2 . Let ∂P be the boundary of P . Since P is a
closed region, ∂P ⊂ P . For a point s ∈ P , the visibility
polygon V is(s) is the set {p ∈ P | sp
S∈ P }. A finite set of
points S ⊂ P is a guard set of P if s∈S V is(s) = P .
Let G(S, P ) be the conflict graph of a finite set of points
S ⊂ P , in which the vertex set of G(S, P ) is S, and si , sj ∈
S share an edge if V is(si ) ∩ V is(sj ) 6= ∅. We will say that
two members of S conflict if they share an edge in G(S, P ).
Let V G(S, P ) be the visibility graph of a finite set of
points S ⊂ P , in which the vertex set of V G(S, P ) is S,
and si , sj ∈ S share an edge if si ∈ V is(sj ). Note that

this is a different structure than the conflict graph G(S, P ).
In fact, V G(S, P ) is a subgraph of G(S, P ) (they have the
same vertex set, but G(S, P ) generally has more edges). A
guard set S is cooperative if V G(S) is connected.
Let Sall be the set of all cooperative guard sets of P . Let
χ(G) be the chromatic number of the graph G, the minimum
number of colors required in a proper coloring. We are interested in the connected landmark class number of P , denoted
as χCL (P ), and defined to be minS∈Sall χ(G(S, P )). Due to
the relationship of the the connected landmark class number
to cooperative guard sets and graph coloring, “landmark
classes” will usually be referred to as “guard colors” from
this point on.
A polygon P is monotone if there exists a line H such
that the intersection of P and any line perpendicular to H
is connected. Without loss of generality, we can assume
that H is a horizontal line (by rotating the polygon). For
a polygon P so rotated, P is monotone if there exist two
distinct vertices of ∂P , vf ront and vback , such that vf ront
is the vertex of ∂P with the smallest x-coordinate, vback
is the vertex of ∂P with the largest x-coordinate, and the
remainder of ∂P forms two paths from vf ront to vback
that each have monotonically increasing x-coordinates. The
upper subchain is the path with the higher y-coordinates, and
the lower subchain is the path with the lower y-coordinates.
The vertices vf ront and vback are considered to be part of
both the upper and lower subchains.
III. L OWER B OUNDS
From [4], it is known that there is a monotone polygon
with 3k 2 vertices that requires k colors in any guard set. This
provides a trivial lower bound, because the same polygon
must require at least k colors in any strongly connected guard
set. The following theorem provides a better bound.
Theorem 1: For any odd k ∈ N, there exists a monotone polygon Mk with 43 (k 2 + 2k + 1) vertices such that
χCL (Mk ) ≥ k.
Proof: This lower bound is provided by a variant
of the “comb” polygon (with (k + 1)2 /4 notches) used to
demonstrate the lower bound for the art gallery problem in
[2] (see Figure 1). Each of the triangular notches is very
thin; therefore it is impossible to use the same guard to guard
two notches simultaneously. We define two types of guards.
Notch guards are guards placed inside the triangular notches.
Body guards are guards placed in the lower trapizoidal
region. Let xnotch and xbody denote the number of colors
assigned to each type of guard. Note that each body guard
requires its own unique color, all body guards are mutually
visible, and two notch guards in different notches require a
path through V G(S, P ) for which the non-endpoint vertices
are body guards.
Due to the thinness of the notches, a body guard can only
guard a single notch tip. A single color assigned to notch
guards could be used to guard each notch tip, but then each
notch guard would require its own body guard (with a unique
color) to ensure that V G(S, P ) is connected, which would
require the number of colors to be linear in the number of

Fig. 2. Polygons from [22] that demonstrate that a monotone polygon may
require ⌊n − 2⌋/2 guards in a cooperative guard set.
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Fig. 1. [top] A “comb” polygon with five notches. The yellow guard is
a notch guard, and the blue guard is a body guard. [middle] Notch guards
require body guards to connect them to the rest of the visibility graph. No
notch guards that share a connecting body guard can have the same color.
[bottom] A body guard can guard one notch by itself.

notches. A set T of notch guards
can share one “connecting”
T
body guard, but only if t∈T V is(t) 6= ∅, which means
that all members of T must use different colors (this body
guard could guard a notch by itself). Suppose the notches
are grouped into sets of size m, guarded by m − 1 notch
guards and 1 body guard, in which the same m − 1 colors
are used in the notch guards of each set. There is no reason
to make the sets different sizes (if one set uses y colors in
its notch guards, and another uses z < y colors, then the
second set could include more notches without raising the
total number of colors used). If the notches are grouped in
this way, then xnotch ≥ m − 1 and xbody ≥ (k + 1)2 /4m.
Since χCL (Mk ) = xnotch + xbody , we obtain
(k + 1)2
| m ∈ N}. (1)
4m
The value of m that minimizes the right side is m =
k+1
2 , which after substitution reduces it to χCL (Mk ) ≥ k.
Note that we do not claim that a grouping of notches in
set that all
which every notch is a part of a size k+1
2
share a common body guard actually exists, merely that any
realizable grouping would use at least as many colors.
Since each notch requires 3 vertices and the polygon has
(k + 1)2 /4 notches, Mk has 43 (k 2 + 2k + 1) vertices.
χCL (Mk ) ≥ min{m − 1 +

IV. U PPER B OUNDS
An upper bound on the number of landmarks required for
an n-vertex monotone polygon is ⌊(n − 2)/2⌋, provided by
[9] and [22]. Coincidentally, this bound is actually tight even
for monotone polygons, because the pathological family of
polygons provided by Pinciu [22] is monotone (see Figure 2).
Since one could simply place a set of landmarks according
to Pinciu’s algorithm and give them all different colors, we
have a trivial bound of χCL (P ) ≤ ⌊(n − 2)/2⌋. However,
one can generally do better than this by reusing colors. In
this section, we demonstrate that χCL (P ) ≤ n/3 + 12.
We begin by defining a decomposition of the monotone
polygon P into a number of smaller hemimonotone polygons. A polygon P is hemimonotone if there exist two
vertices of the boundary of P , vlef t and vright such that
P can be aligned so that the boundary of P consists of
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Fig. 3. [left] A hemimonotone polygon that is monotone relative to a
horizontal line. [right] A degenerate hemimonotone polygon where the base
is intersected by a vertex on the non-base path.

two paths whose x-coordinates are monotonically increasing
and one of the paths is a straight line segment vlef t vright
which will be referred to as the base (see Figure 3). Note
that vlef t and vright cannot be reflex vertices. Let L =
[vlef t , v1 , v2 , v3 , . . . , vright ] be the sequence of vertices of
∂P , ordered as per their appearance on the path between
vlef t and vright (the path that is not the base). We allow the
hemimonotone polygons to be degenerate, meaning that it is
possible for vi to intersect vlef t vright (see Figure 3).
If a monotone polygon P is structured such that vf ront ∈
V is(vback ), then P can be easily decomposed into two hemimonotone polygons by using the line segment vf ront vback .
However, if those two points cannot see each other, a more
complicated approach is required.
There are three types of line segments and pairs of lines
segments that can be exploited to guarantee that a pair
of hemimonotone polygons are separated enough to use
identical color sets. Suppose there exists a line segment with
one endpoint e1 (the endpoint of the segment with the lower
x-coordinate) on the lower subchain that first intersects a
reflex vertex r1 of the upper subchain, then intersects a reflex
vertex r2 of the lower subchain, and then has an endpoint e2
on the upper subchain (or alternately, a line segment with the
same behavior with the upper and lower subchains reversed).
Call such a line segment a valid bitangent. A valid bitangent
divides the polygon into four regions (see Figure 4).
• P1 - A monotone polygon containing vf ront .
• P2 - A hemimonotone polygon with e1 r2 as a base.
• P3 - A hemimonotone polygon with r1 e2 as a base.
• P4 - A monotone polygon containing vback .
Note that for a point p1 ∈ P1 \e1 r1 , V is(p1 )∩(P3 ∪P4 ) =
∅, because r1 blocks p1 ’s view of P3 , and r2 blocks p1 ’s view
of P4 . Similarly, for a point p4 ∈ P4 \ r2 e2 , V is(p4 ) ∩ (P1 ∪
P2 ) = ∅, because r2 blocks p4 ’s view of P2 , and r1 blocks
p4 ’s view of P1 . Therefore, p1 and p4 do not conflict, which
means that, other than the portion of e1e2 that each polygon
contains, guards placed in P4 can reuse the colors of the
guards placed in P1 .
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Fig. 4. A valid bitangent segment and the four regions created by such a
segment.
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Certain pairs of line segments can also be exploited to
ensure separation. If there exists a pair of line segments, e1 e2
and e2 e3 , such that e1 , e2 , and e3 are on the upper subchain,
e2 has a higher x-coordinate than e1 , e3 has a higher xcoordinate than e2 , e1 e2 intersects the lower subchain at a
reflex vertex r1 , and e2 e3 intersects the lower subchain at a
reflex vertex r2 (again, one could swap the use of upper
and lower in the preceeding description). These two line
segments (which will be referred to collectively as an Lgadget), along with a line segment perpendicular to H that
intersects e2 , divide the polygon into six regions (see Figure
5).
P1 - A monotone polygon containing vf ront .
P2 - A hemimonotone polygon with e1 e2 as a base.
• P3 - A hemimonotone polygon with r1 e2 as a base.
• P4 - A hemimonotone polygon with e2 r2 as a base.
• P5 - A hemimonotone polygon with e2 e3 as a base.
• P6 - A monotone polygon containing vback .
A point p1 ∈ P1 \ e1 r1 cannot conflict with a point p6 ∈
P6 \r2 e3 , because V is(p1 ) cannot extend far enough right to
reach e2 , and V is(p6 ) cannot extend far enough left to reach
e2 . Therefore, other than the aforementioned line segments,
P1 and P6 can be guarded by guards that use the same sets
of colors.
Another exploitable pair of line segments is a more
complicated type of bitangent that will be referred to as a
hybrid bitangent. This consists of a line segment e1 e2 that
intersects a reflex vertex r1 of the upper subchain. There is
also a bitangent line segment ce3 , with endpoint c ∈ r1 e2 that
first intersects a reflex vertex of the lower subchain r2 , then
a reflex vertex of the upper subchain r3 . The other endpoint
e3 is on the lower subchain. This divides P into six regions
(see Figure 6).
•

•

•
•
•
•

P1 - A
P2 - A
P3 - A
P4 - A
P5 - A
a base.
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Fig. 5. An L-gadget and the six regions formed by such a structure. Note
that a vertical segment is added below e2 to ensure that P2 and P3 are
hemimonotone.

•

P3

monotone polygon containing vf ront .
hemimonotone polygon with e1 e2 as a base.
hemimonotone polygon with r1 c as a base.
hemimonotone polygon with ce2 as a base.
degenerate hemimonotone polygon with ce3 as

Fig. 6. A hybrid bitangent and the six regions formed by such a structure.
Note that a vertical segment is added above c to ensure that P3 and P4 are
hemimonotone.

P6 - A monotone polygon containing vback .
Note that for a point p1 ∈ P1 \ e1 r1 , V is(p1 ) ⊂ P1 ∪ P2 ,
because r1 prevents the visibility polygon from extending
into the other four regions. Similarly, for a point p6 ∈ P6 \
r3 e3 , V is(p6 ) ⊂ P6 ∪ P5 , because r3 prevents the visibility
polygon from spreading into the other four regions.
Lemma 2: Let P be a monotone polygon that has been
partially decomposed through the addition of a set M of
line segments. Let P ′ ⊂ P be the subpolygon with edges
in M ∪ ∂P that contains vback . A line segment mi may
be added to M that decomposes P ′ such that mi has the
following properties:
• The first line segment placed, m1 , contains vf ront as
an endpoint and intersects a reflex vertex.
• The last line segment placed, mk , contains vback as an
endpoint and intersects a reflex vertex.
• If mi does not have an endpoint at vf ront or vback , then
it is a valid bitangent, the latter half of an L-gadget (the
e2 e3 edge), or the latter half of a hybrid bitangent (the
ce3 edge).
Proof: Note that we can assume that vf ront 6∈
V is(vback ) (otherwise the polygon could just be decomposed
with vf ront vback ). Since vf ront 6∈ V is(vback ), the Euclidean
shortest path from vf ront to vback must contain a segment
−−→
vf ront r, where r is a reflex vertex. The segment −
v−
f ront r ∩ P
can be used as m1 .
Next is the case where the mi does not contain vf ront or
vback . Assume that all prior edges have been placed according to the guidelines. Assume without loss of generality that
the endpoint of mi−1 that is in P ′ is on the lower subchain.
Call that point p. The other endpoint of mi−1 ∩P ′ must then
be on the upper subchain. Call that point q. We assume that
no point in mi−1 can see vback .
Let y be a ray that extends upwards from p. Let end(y)
be the point on ∂P that intersects y that is furthest from y’s
source point. Since P ′ is monotone relative to a horizontal
line, end(y) must initially be some point in the upper
subchain. Rotate the direction of y clockwise until any
further rotation would cause end(y) to be on the lower
subchain (if there is no such point, then rotate to the first
point that would cause end(y) to be on the lower subchain).
One of two things must have happened to make further
•

rotation impossible. Either the upper subchain has abruptly
ended, in which case y intersects some reflex vertex rupper
of the upper subchain, or some reflex vertex rlower of the
lower subchain is getting in the way. In the first case, y
forms the second half of an L-gadget (where r1 = q, e2 = p,
r2 = rupper , e3 = end(y), and e1 is a point to the left of q on
the mi−1 segment), so use y ∩ P ′ as mi . In the second case,
move the source of y towards q along pq, but ensure that y
continues to intersect rlower . Continue moving the source of
y toward q until further movement would cause end(y) to
move to the lower subchain (again, if no such point exists,
move the source until the first point where end(y) is on the
lower subchain). If the source of y reaches q, and end(y) is
still on the upper subchain, then y forms a valid bitangent
(q = r1 , rlower = r2 , end(y) = e2 , and e1 is a point on the
lower subchain below mi−1 ), so use y ∩ P ′ as mi . If the
movement of y causes the ray to intersect a reflex vertex on
the upper chain in the segment yrlower , then y forms a valid
bitangent (r1 = rupper , r2 = rlower , e2 = end(y), and e1 is
on the other side of mi−1 , but the valid bitangent need not
actually be extended that far, because that region is already
decomposed). A vertical line must be extended upward from
y to ensure that all subpolygons are hemimonotone. If the
movement of the source of y causes end(y) to move to the
lower subchain, then one of two things happened. Either the
upper subchain ended abruptly, and y intersects some reflex
′
′
vertex rupper
of the upper subchain, or a reflex vertex rlower
of the lower subchain got in the way. In the first case, y forms
the second half of a hybrid bitangent (with q = r1 , p = e2 ,
′
rlower = r2 , rupper
= r3 , end(y) = e3 , and the source of y
as c), so use y as mi . In the second case, continue moving
′
the source of y closer to q, but ensure that y intersects rlower
instead of rlower (and replace the reflex vertex on the lower
chain intersected by y repeatedly if the need arises). This
process must eventually terminate, because there are only a
finite number of reflex vertices on the lower subchain.
For the last edge mk , note that some point on mk−1 must
be able to see vback . If the q point of mk−1 can see vback ,
then qvback can be used as mk , because q is a reflex vertex.
If q 6∈ V is(vback ), then let x be the point in qp ∩ V is(vback )
closest to q. There must be some reflex vertex r that prevents
a point closer to q from seeing vback . Therefore, xvback can
be used as mk , because it intersects reflex vertex r.
Guard sets based on the decomposition defined in Lemma
2 that meet certain conditions have connected visibility
graphs, as described in the following lemma. For the purposes of the following two lemmas, index the members of set
M = {m1 , m2 , . . . , m|M| } in the order that they were added.
Also, let T = {t1 , t2 , t3 , . . . , t|M|−1 } be a set of points such
that ti is the intersection of mi and mi+1 .
Lemma 3: In a hemimonotone decomposition of a monotone polygon P by the process described in Lemma 2, and
a guard set S of P where T ⊂ S, and for all s ∈ S there
exists an ℓ ∈ M such that s ∈ ℓ, the graph V G(S, P ) is
connected.
Proof: If |T | = 0, then vf ront ∈ V is(vback ) and
vf ront vback is the only member of M , and a guard set that

is placed entirely a single line segment within the polygon
must have a connected visibility graph.
If |T | 6= 0, then note that, for all 1 < i ≤ |T |, ti ∈
V is(ti−1 ). Therefore, the vertices of T form a connected
component in V G(S, P ). Since guards are only placed on
members of M , and each member of M contains a vertex
in T , every vertex of S \ T is adjacent to a vertex of T in
V G(S, P ). Therefore, V G(S, P ) is connected.
Additionally, two hemimonotone polygons generated by
this decomposition can be covered by guards using the same
color set if their bases are sufficiently separated.
Lemma 4: For points pi ∈ mi \ {ti }, and pi+3 ∈ mi+3 \
{ti+2 }, V is(pi ) ∩ V is(pi+3 ) = ∅.
Proof: Since mi+1 and mi+2 are consecutive, either
they form an L-gadget, they form a hybrid bitangent, or one
of them is a valid bitangent. Therefore, mi+1 and mi+2 separate P into several subpolygons [P1 , P2 , P3 , . . . Pk ], where
vf ront ∈ P1 , vback ∈ Pk , and for all 2 ≤ i ≤ k − 1,
Pi is hemimonotone. Let ℓ1 be the boundary between P1
and P2 , and let ℓk be the boundary between Pk−1 and Pk .
Note that no point in P1 \ ℓ1 can conflict with any point in
Pk \ ℓk (see Figures 4, 5, and 6). Since mi ∩ ℓ1 = {ti } and
mi+3 ∩ ℓk = {ti+2 }, V is(pi ) ∩ V is(pi+3 ) = ∅.
Now that the decomposition is defined, some results
about the number of guards required for the hemimonotone
polygons are necessary.
Lemma 5: A hemimonotone polygon P with n vertices
can be guarded by a set of ⌊n/3⌋ guards, where all guards
are placed on vlef t vright .
Proof: The polygon P is monotone with respect to a
line H, which we can assume is monotone.
This will proceed via induction on n, the number of
vertices in P . The base cases are when n = 3, n = 4,
and n = 5. If P is convex, a guard at vlef t will suffice to
guard the whole polygon. Therefore, assume that P is not
convex (which means that n = 4 or n = 5). If n = 4 and P
is not convex, then either v1 or v2 is reflex (assume without
loss of generality that v1 is the reflex vertex). This means
that P can be triangulated by adding an edge between v1
and vright . The two triangles making up P share a vertex at
vright , so a single guard on vright can guard all of P .
If n = 5, then each triangulation of P contains a
vertex that meets all the triangles. If this vertex is vlef t or
vright , then P can be guarded with a single guard at that
vertex. If this vertex is v2 , then v1 and v3 must be convex
(or else they would block v2 ’s view of vlef t and vright ,
respectively). In this case, P can be decomposed into two
convex quadrilaterals through the addition of a line segment
ℓ that is perpendicular to H and intersects v2 and vlef t vright ,
and let p be the intersection of ℓ and vlef t vright . Since P is
monotone with respect to H, the two vertices resulting from
the splitting of v2 must both be convex (or else a line formed
by extending ℓ would intersect ∂P at three points). Also note
that both vertices at point p must be convex (the sum of their
angles in radians must be π, because the vertices are formed
by splitting up a line segment). Since vlef t , vright , v1 , v3 ,
both vertices at v2 , and both vertices at p are convex, and

p ∈ vlef t , vright , P can be guarded with a single guard at p.
If the vertex that meets all the triangles in a triangulation
of P is v1 or v3 (assume without loss of generality that it is
v1 , then v2 must be convex, so as to not block v1 ’s view of
v3 ). Let ℓ be a line segment that intersects v2 and vlef t vright ,
and let p be the intersection of ℓ and vlef t vright . This divides
P into two quadrilaterals. Since v2 , vright , and vlef t are all
convex, v1 and v3 are visible from p. Add v1 p and v3 p to
make a triangulation of P with a Steiner point at p where
all triangles share p as a vertex. Therefore, a guard placed
at p can guard all of P .
Now, for the inductive step. In the inductive step, the goal
is to decompose the n-vertex hemimonotone polygon P into
two polygons Q and R, where Q is a hemimonotone polygon
with at most n − 3 vertices, and R can be guarded by one
guard placed on vlef t , vright (there is a possibility that the
guard that guards R is placed in Q). Since the base cases
apply when n ≤ 5, we will assume that P has at least 6
vertices (note that this means P must contain a v4 vertex).
There are eight subcases, based on whether v1 , v2 , and v3
are convex or reflex. Figure 7 provides illustrations of these
subcases.
1) v1 , v2 , and v3 are convex - Let R be the pentagon with
vertices v1 , v2 , v3 , v4 , and vlef t . Since v1 , v2 , and v3
are convex, v4 ∈ V is(vlef t ). This pentagon can be
triangulated with vlef t present in each triangle, so a
guard placed at vlef t guards R. The polygon Q lacks
v1 , v2 , and v3 , so it has n − 3 vertices.
2) v1 and v2 are convex, v3 is reflex - If v4 ∈ V is(vlef t ),
then R has vertices v1 , v2 , v3 , v4 , and vlef t , and can
be triangulated and guarded in the same way as the
previous case. If v4 6∈ V is(vlef t ), then let point p be
the intersection of vlef t vright and the line formed by
extending v3 v4 . The polygon R has vertices vlef t , v1 ,
v2 , v3 , and p. The polygon R is convex and can be
guarded with a single guard at vlef t . The polygon Q
lacks v1 , v2 , v3 , and vlef t , but does contain p as a
vertex, so Q has n − 3 vertices.
3) v1 and v3 are convex, v2 is reflex - Let p be the point at
the intersection of vlef t vright and a line perpendicular
to H that intersects v2 . Since v1 and v3 are convex,
p ∈ V is(v4 ) ∩ V is(vlef t ). The polygon R has vertices
vlef t , v1 , v2 , v3 , v4 , and p. Since P is monotone with
respect to H and pv2 is perpendicular to H, p ∈
V is(v1 ) ∩ V is(v3 ). Therefore, R can be triangulated
with all triangles sharing p as a vertex. Therefore, a
guard at p guards all of R. The polygon Q lacks v1 ,
v2 , v3 , and vlef t , but does contain p as a vertex, so Q
has n − 3 vertices.
4) v1 is convex, v2 and v3 are reflex - Note that if v4 ∈
V is(vlef t ), then v3 ∈ V is(vlef t ) because otherwise,
v2 would have to block vlef t ’s view of v3 , which
means that it would also block vlef t ’s view of v4 ,
as v3 is reflex. Therefore, if v4 ∈ V is(vlef t ), then
R is a pentagon with vertices vlef t , v1 , v2 , v3 , and
v4 , and R can be triangulated as per case 1. If v4 6∈
V is(vlef t ), then let p be the intersection of vlef t vright

and the line formed by extending v3 v4 . Let q be the
intersection of vlef t vright and the line perpendicular
to H that intersects v2 . The polygon R has vertices
vlef t , v1 , v2 , v3 , and p. The polygon Q lacks v1 , v2 ,
v3 , and vlef t , but does contain p as a vertex, so Q
has n − 3 vertices. The polygon R can be guarded
by a single guard at point q (note that it is possible
for q to not be in R). Since pv2 is perpendicular to
H, q ∈ V is(v1 ) ∩ V is(v3 ). Therefore, if q ∈ R,
then R can be triangulated with a Steiner point at q
where all triangles share a vertex at q, so a guard at q
guards R. If q 6∈ R, then the polygon R′ with vertices
vlef t , v1 , v2 , v3 , q can be triangulated with all triangles
sharing a vertex at q. Since R ⊂ R′ , and a guard at q
guards R′ , a guard at q guards R.
5) v1 is reflex, v2 and v3 are convex - Let point p be the
intersection of vlef t vright and the line perpendicular to
H that intersects v1 . Let R be the polygon with vertices
vlef t , v1 , v2 , v3 , v4 , and p. Since v2 and v3 are convex,
and pv1 is perpendicular to H, v2 , v3 , v4 ∈ V is(p).
Therefore, R can be triangulated with all triangles
sharing p as a vertex, so a guard at p guards R. The
polygon Q lacks v1 , v2 , v3 , and vlef t , but does contain
p as a vertex, so Q has n − 3 vertices.
6) v1 and v3 are reflex, v2 is convex - Let point p be the
intersection of vlef t vright and the line perpendicular to
H that intersects v2 . Let point q be the intersection of
vlef t vright and the line that intersects v3 and v4 (such
an intersection may not exist if vlef t vright is not long
enough). If q exists and d(vright , q) < d(vright , p),
then let R be the polygon with vertices vlef t , v1 , v2 , v3 ,
and q. In this case, Q lacks vlef t , v1 , v2 , and v3 , but
contains q as a vertex, so Q has n − 3 vertices. A
guard at p is sufficient to guard R, as v1 is the only
reflex vertex of R, and v1 obviously cannot block p’s
view of vlef t or v2 , and the other vertices are on the
other side of pv2 . Therefore, R can be triangulated
with a Steiner point at p with all triangles sharing a
vertex at p, so a guard at p guards R. If q does not
exist or d(vright , q) ≥ d(vright , p), then let R be the
polygon with vertices vlef t , v1 , v2 , v3 , v4 , and p. In this
case, Q lacks vlef t , v1 , v2 , and v3 , but contains p as
a vertex, so Q has n − 3 vertices. The line segment
pv2 divides R into two quadrilaterals with one reflex
vertex a piece. Since p is not adjacent to either reflex
vertex in either quadrilateral, a guard at p can guard
both quadrilaterals, and thus all of R.
7) v1 and v2 are reflex, v3 is convex - Let point p be the
intersection of vlef t , vright and the line perpendicular
to H that intersects v3 . Let R be the polygon with
vertices vlef t , v1 , v2 , v3 , v4 , and p. The line segment
pv3 divides R into a pentagon and a triangle. A guard
at p obviously guards the entire triangle, and the
pentagon has only three convex vertices, where p is
the middle convex vertex, so a guard at p guards the
entire pentagon as well. The polygon Q lacks vertices
vlef t , v1 , v2 , v3 , but contains p as a vertex, so Q has
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Fig. 7. Illustrations of the eight inductive step cases for Lemma 5. The leftmost vertex is vlef t . The shaded area represents the subpolygon R. The guard
is placed on the blue vertex. The black vertices represent other vertices of P or R. The points p and q are labelled if applicable. These hemimonotone
polygons are monotone relative to a horizontal line.

n − 3 vertices.
8) v1 , v2 , and v3 are reflex - Let point p be the intersection
of vlef t , vright and the line perpendicular to H that
intersects v4 . Let R be the polygon with vertices
vlef t , v1 , v2 , v3 , v4 , and p. The polygon Q lacks vertices vlef t , v1 , v2 , v3 , but contains p as a vertex, so Q
has n − 3 vertices. Since R has only three convex
vertices and p is the middle convex vertex, a guard at
p guards all of R.
Combining these lemmas leads to the desired result.
Theorem 6: For any n-vertex monotone polygon P ,
χCL (P ) ≤ n/3 + 12.
Proof: Decompose P using Lemma 2. Let the guard
set S initially consist of the points in T . Due to Lemma
4, the members of T require only 4 colors (because ti ∈
mi+1 \ {ti+1 }, and ti+4 ∈ mi+4 \ {ti+3 }, so V is(ti ) ∩
V is(ti+4 ) = ∅). Use the methods described in Lemma 5
to make a guard set for each hemimonotone polygon in the
decomposition, and add those guard sets to S. Lemma 3
ensures that V G(S, P ) is connected.
At most two hemimonotone polygons share mi as a base.
In the decomposition, at least k − 4 vertices of a k-vertex
hemimonotone polygon are vertices of the original, undecomposed monotone polygon that are not shared between
two or more hemimonotone polygons (the possible exceptions are vlef t , vright , v1 , and vk ). Let j be the integer such
that the hemimonotone polygons with mj , mj+1 , and mj+2
as bases require a maximal sum total of guards. There are 6
hemimonotone polygons total. The total number of vertices
in these hemimonotone polygons can be at most n+24 (the n
vertices of P , plus 4 vertices in each hemimonotone polygon
that could be added by the decomposition). By Lemma 5,

Fig. 8. A monotone polygon decomposed, guarded, and colored. The thin
solid lines are the hemimonotone bases, and the dotted lines extend vertically
from the intersection of bases if needed to ensure that the subpolygons are
hemimonotone.

these polygons can be guarded by n/3 + 8 guards, all of
which may require unique colors. Since this is the set of
hemimonotone polygons with three consecutive bases that
require a maximal number of guards, these ⌊n/3⌋ + 8 colors
are sufficient to color all the guards generated by Lemma 5.
With the additional 4 colors required to color the members
of T , up to n/3 + 12 total colors are used.
Therefore, χCL (P ) ≤ n/3 + 12.
An example polygon that has been decomposed into
hemimonotone polygons and given a guard placement and
coloring is shown in Figure 8.
V. C ONCLUSION
We have presented a method of placing a set of landmarks
in a monotone polygon so that the visibility graph of the
landmarks is connected, each point in the polygon is visible
from a landmark, and the landmarks can be divided into
a relatively small number of classes such that no two
landmarks of the same class are visible from a common
point. Such a set can be exploited for navigation by a robot
equipped with motion primitives of the form “drive toward
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HR0011-05-1-0008, and MURI/ONR grant N00014-09-1-1052.
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they are separated by the blue L-gadget. However, they do conflict in the
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a landmark of class x”.
Of course, robot environments are usually not monotone.
However, monotone polygons are frequently generated as
intermediate steps in other decomposition algorithms. For
example, since monotone polygons can be easily triangulated
in linear time, they are often generated during triangulation
algorithms [7], [25]. In fact, the technique described in [25]
directly creates hemimonotone polygons (referred to as “onesided” polygons in that work). This invites the possibility of
taking a polygon, performing a monotone decomposition on
it, and then using the techniques in this paper to color each
of the monotone pieces. If some sort of separation guarantee
could be made between each of the monotone pieces, then
it could be possible to show that for any n-vertex polygon
P (not just monotone), χCL (P ) ≤ n/3 + C, where C is a
constant ([4] shows that this bound must be at least ⌊n/4⌋).
Care must also be taken so that the decomposition does not
violate the separation conditions within a single monotone
polygon (see Figure 9).
There are numerous variations of this problem that would
likely produce different bounds. There are many art gallery
results specific to rectilinear polygons including [10], [14],
[21], and it is likely that rectilinear polygons would require
fewer landmark classes than general polygons. One could
also discard the assumption that the environment is simply
connected and determine bounds on the number of landmark
classes in terms of both the number of vertices in the
polygon and the number of holes. This paper has assumed
that the robot can see the landmark as long as there is
no obstacle in the way, regardless of the distance between
them. It is unknown how the bounds would change if the
robot could only detect landmarks present within some finite
distance. Bounds based on the number of inflections could
even be determined for curvilinear regions, as bounds were
determined for the corresponding art gallery problem in [11].
Finally, while the three conditions listed in the introduction
are sufficient for a robot with the “drive toward a landmark
of class x” primitives to search an environment for treasure,
it is possible that weaker conditions may suffice as well.
A categorization of the types of landmark sets that would
permit searching by robots of this type would be helpful for
describing the power of this very general robot model.
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